In this paper, the diffraction problem of periodic strip gratings is considered. The previous study of this problem usually concentrated on the numerical method; however, we try to analyze this problem and the convergence of the numerical solution from the mathematical point of view in this work. By use of the Dirichlet to Neumann operator on the slit between two strips, we reformulate the problem to an operator equation. The well-posedness of the solution to the operator equation is proved. The Galerkin method is applied to solve this operator equation and the convergence result of the numerical solution is also derived. Finally, some numerical experiments are presented to show the effectiveness of our method and verify the theoretical convergence result.
Introduction
The scattering theory of periodic structures has a wide variety of applications, for example, the micro-optics and the antenna engineering. In optics, the periodic structure is also called diffraction gratings. Introduction to the problem of electromagnetic diffraction through periodic structures and the corresponding numerical methods can be found in [1] . The reviews on the diffractive optics technology and the mathematical analysis of diffraction gratings are presented in [2] and [3] , respectively.
In this paper, we focus on the diffraction problem of periodic perfectly conducting strip gratings. This is a classic model which has been investigated by many researchers. In [4] the method of moments (MoM) is employed to analyze the diffraction problem of strip gratings located in free space. In papers [5, 6] the same numerical method is used to solve the strip grating problem where the strips are printed on a dielectric substrate. As to the improved MoM for scattering problem of periodic strip gratings, we refer to paper [7] and the references therein. In addition to the MoM, there are also many other numerical methods for the strip gratings problem. For example, the singular integral equation approach is proposed to deal with the plane wave diffraction by an infinite strip grating at oblique incidence in [8] . Fourier modal method (FMM), also called combined boundary conditions method (CBCM), is introduced in [9] [10] [11] . CBCM is applied for solving finite strip grating problem in [11] . Because of the slow convergence and Gibbs phenomenon at the tips of the strips, CBCM has been substantially improved in [12] with the aid of adaptive spatial resolution in [11] . The parametric formulation of CBCM in [12] improves the convergence rate, the computational efficiency, and the numerical accuracy. In [13] the authors employ this improved method in multilayered structures of strip gratings. More references about CBCM can be found in [14] . In mathematics, because the grating diffraction problem is governed by differential equation, the finite difference method (FDM) and the finite element method (FEM) can also be applied in solving the problem. In the numerical experiment part of this paper, we compare our method with the FDM.
The studies above concentrate on the mathematical model and the numerical method of the strip gratings. In this paper, we will reformulate the diffraction problem of strip grating into an operator equation by use of the Dirichlet to Neumann (DtN) operator. Then we will give a rigorous mathematical analysis of the solution and the Galerkin method which is used to solve the operator equation. The convergence of the Galerkin method has also been verified by the numerical experiments.
The paper is organized as follows. In Sect. 2, we give some notations for describing the strip gratings problem and reformulate this problem into an operator equation by use of DtN operator on the slit between two strips. In Sect. 3, the well-posedness of the solution to the operator equation derived in Sect. 2 is proved. The well-posedness contains the existence, the uniqueness, and the stability of the solution. In Sect. 4, the Galerkin method is employed to solve the operator equation. The uniqueness and the convergence of the numerical solution are proved. We also obtain the error estimate of the numerical solution in Theorem 5. The concrete computing process is given at the end of this section. In Sect. 5, some numerical experiments are presented to show the effectiveness of the Galerkin method and convergence order proved in Sect. 4 is also verified by numerical Example 1 in this section.
Formulation of the problem
In this section, some notations are firstly presented to help us describe the diffraction problem of periodic strip gratings with period d. Then the definition of quasi-periodic, the famous Rayleigh expansion of diffraction field, and the DtN operator are introduced. Finally, we reformulate the diffraction problem into an operator equation through simple calculation and the knowledge prepared above.
Assume that the length of each slit is L (L < d), and the slits are separated by perfect conductive material stripsΓ , see Figure 1 . Denote the slit and the perfect conductive strip in one period by Γ 0 and Γ 1 , respectively: Furthermore, define Γ as follows:
Suppose that the domain
is filled with a homogeneous medium. Let S + and S -denote the domain upon and below the strip gratings, respectively:
Assume that the plane wave u i = e iαx 1 -iβx 2 is the incident wave upon the grating, where α = k sin θ , β = k cos θ , k > 0 is the wave number, and θ ∈ (-π/2, π/2) is the angle of incidence. Denote the diffracted field by u d . Then the total field u t is
and the diffraction problem of strip gratings reads as follows: when the incident field u i is given, find the total field u t such that
Among all the solutions of equations (2) and (3), we are interested in the quasi-periodic solution, i.e., u t e -iαx is a periodic function in x 1 with period d. Moreover, we require the diffracted field u d to satisfy the bounded outgoing wave condition in S + and S -. In domains S + and S -, the famous Rayleigh expansion of u d is
where α n = 2πn/d,
2 > 0} and a n , b n are coefficients to be determined. We further assume that k = |α n + α| for every n ∈ Z in order to avoid resonances. Define
and u
, etc. are defined in the same way. Then we have the following integral expression of a n and b n :
For any quasi-periodic function f (x 1 ), i.e., f (x 1 ) has the following expansion:
define the Dirichlet to Neumann operator T 1 and T 2 as follows:
By simple calculation, we can get
Since the total field u t and the normal derivative ∂u t ∂x 2 are continuous across Γ 1 and u t = 0 on Γ 0 ,
Let u(
where E 0 is the zero extension operator defined by the following:
From (1), (6)- (9), and (10) we obtain
Substitute (10) and (11) into (12)
From the definitions of T 1 and T 2 , we know that
Substitute (14) and (15) into (13)
Denote T = T 2 • E 0 and g(x 1 ) = -iβe iαx 1 , then equation (16) can be rewritten to
Thus the diffraction problem of strip gratings can be reformulated into the operator equation (17). Once the solution of (17) is derived, the diffraction field u d and the total field u t can be obtained through (4), (5), and (1).
Well-posedness analysis
In this section, we will prove the well-posedness of the solution to (17). In order to give the uniqueness and existence of the solution to (17), we introduce the following definitions of spaces and norms. For any real number s, define Sobolev spaces
with norms
Using the above notations, the operator equation problem (17) can be formulated as fol-
α, * (Γ ) such that equation (17) is satisfied. In the following, we will present two lemmas about the properties of spaces H 
α, * (Γ 0 ), and define
, we have 
From Tu, u = 0, we can get
Since β n = 0 for all n ∈ Z, from the above two equations, we can deduce that u n = 0 for all n ∈ Z. Thus E 0 (u) = 0, i.e., u = 0.
Theorem 2
Assume that β n = 0 for all n ∈ Z. Then, for any g ∈ H 
Since the operators T and I * are bounded, b(·, ·) is a bounded bilinear form on H 1 2 α, * (Γ 0 ) × H 1 2 α, * (Γ 0 ). Next, we will show that b(·, ·) has a lower bound. By simple calculation, we can derive the following two inequalities: 
Galerkin method
In this section we introduce the Galerkin method to solve equation (17) numerically. Assume
The Galerkin method to solve equation (17) is to find u N ∈ V N such that
where
Theorem 3 The Galerkin equation (18) has a unique solution u N ∈ V N .
Proof For the finite dimensional problem (18), we only need to show that the homogeneous equation
has only one solution u N = 0. From (19), we can get Tu N , u N = 0. Thus the proof for u N = 0 is similar to Theorem 1. The next theorem follows from standard estimates for Galerkin method associated with compact operator equation, so we omit the proof here and refer to [15] for details.
Theorem 4
Assume that β n = 0 for all n ∈ Z, u is the solution of (17), and u N is the solution of (18). When N is large enough,
where C is a positive constant independent of N .
For s ∈ R, define space H s p (Γ 0 ) as follows:
With a little extension of Lemma 4.11 and Example 4.15 in [16] to quasi-periodic functions, the space H 
or
) is the solution of (17), and u N is the solution of (18), then when N is large enough,
Proof
Because
then (22) and (23) are derived by combining the above inequality with (20) and (21).
Numerical results
In this section we demonstrate the numerical results of our method. All computations are performed using MATLAB. In all the following examples, we set the period d = 4, the length of the slit L = 2, and Γ 0 = {(x 1 , 0); 0 < x 1 < 2}.
Example 1 In this example we consider the convergence results of our Galerkin method. Let u(x 1 ) = x 1 (x 1 -2), x 1 ∈ (0, 2) be the exact solution of the operator equation (17) with k = 1, α = 0, and the corresponding right-hand side function
Moreover, u(x 1 ) has the following expansion: In Fig. 3 , we show the absolute value of the total field u t on Γ 0 and the total field u t in one period. In Fig. 4 , we show the real part and the imaginary part of total field u t . From these results we can see that our method is effective when the wave number k is small. Further, in the left one of Fig. 3 , we also show the results given by FDM (finite difference method). We demonstrate two results given by FDM with 32 and 64 nodes in one period. Comparing with the FDM, we can see the Example 4 In this example, we consider the situation of large wave number k = 50 and 100. For k = 50, we set N = 100. The absolute values of total fields u t on Γ 0 are presented in Fig. 7 with incident angles θ = 0 and θ = π/4, respectively. For k = 100, we set N = 200. The absolute values of total fields u t on Γ 0 are presented in Fig. 8 with incident angles θ = 0 and θ = π/4, respectively. Also the numerical solutions given by the FDM are shown in these figures. When k = 50, compared with the FDM which needs 1024 dofs, our Galerkin method needs only 100 dofs to get reliable computational results. When k = 100, the FDM needs 2048 dofs, while our Galerkin method needs only 200 dofs.
Conclusion
In this paper, we study the scattering problem of strip gratings. By use of the continuity of the total field across the slit in one period and the Dirichlet to Neumann map, this problem is reformulated to an operator equation on the slit. The well-posedness of the solution to the operator equation is proved and Galerkin method is employed to solve this operator equation. We also derive the error estimate for the Galerkin method and numerical examples show that our method is effective.
